Transverse Shift in Andreev Reflection by Liu, Ying et al.
Transverse Shift in Andreev Reflection
Ying Liu,1 Zhi-Ming Yu,1, ∗ and Shengyuan A. Yang1, †
1Research Laboratory for Quantum Materials, Singapore University of Technology and Design, Singapore 487372, Singapore
An incoming electron is reflected back as a hole at a normal-metal-superconductor interface, a
process known as Andreev reflection. We predict that there exists a universal transverse shift in this
process due to the effect of spin-orbit coupling in the normal metal. Particularly, using both the
scattering approach and the argument of angular momentum conservation, we demonstrate that the
shifts are pronounced for lightly-doped Weyl semimetals, and are opposite for incoming electrons
with different chirality, generating a chirality-dependent Hall effect for the reflected holes. The
predicted shift is not limited to Weyl systems, but exists for a general three-dimensional spin-orbit-
coupled metal interfaced with a superconductor.
Spin-orbit coupling (SOC) underlies many topics that
are at the frontier of current research. Intuitively, un-
der SOC, the change of a particle’s spin polarization will
tend to alter its orbital motion. The effect is particu-
larly pronounced when particles are scattered at certain
interfaces. For example, when reflected at an interface,
a circularly-polarized light beam acquires a transverse
shift normal to its plane of incidence, known as Imbert-
Fedorov shift [1–6], due to the intrinsic SOC of light [7].
Recently, an analogous transverse shift is predicted for
Weyl electrons [8, 9], the fermionic cousin of photons
with strong SOC in so-called Weyl semimetals [10–19],
when they are scattered by electrostatic potentials or ve-
locity gradients. This discovery has generated great in-
terest [20, 21], and hints at possible universality of such
effect in spin-orbit-coupled systems.
There is an intriguing scattering process unique for the
normal-metal-superconductor (NS) interface—Andreev
reflection [22], in which an incoming electron excitation
from the normal metal at energy ε above the Fermi level
EF is reflected back as a hole excitation with energy ε
below EF [23]. The process conserves energy and mo-
mentum but not charge: the missing charge of (−2e) is
absorbed as a Cooper pair at Fermi level into the super-
conductor. For excitation energies below the supercon-
ducting gap, electrons cannot penetrate into the super-
conudctor, and Andreev reflection becomes the dominat-
ing mechanism for transport through the NS interface.
A natural question arises: Is there a transverse shift as-
sociated with Andreev reflection? This question is not
trivial, since the incoming and outgoing particles possess
distinct identities with opposite charges. To our knowl-
edge, it has not been posed or studied before.
In this work, we answer the above question in the af-
firmative. We predict that a transverse shift generally
exists in Andreev reflection between a three-dimensional
spin-orbit-coupled metal and a conventional supercon-
ductor. We explicitly demonstrate the effect for two ex-
amples: a lightly-doped Weyl semimetal and a spin-orbit-
coupled metal without any band-crossing. The result is
derived via the quantum mechanical scattering approach,
and in special cases can be exactly verified by the argu-
ment of angular momentum conservation. When symme-
try argument applies, the value of the shift shows univer-
sal feature independent of the details of the scattering.
For Weyl semimetals, the shifts are sizable and opposite
for different chiralities, leading to a chirality-dependent
Hall effect for the reflected holes. Possible experimental
detection of the effect is discussed.
Let’s first consider the example when the normal-metal
side is a Weyl semimetal. This represents the simplest
model with strong SOC, which allows a clear picture to be
drawn. The essential physics learned from this example
applies to more general cases. In a Weyl semimetal, an
electron near a Weyl point (at K0) may be described by
the long-wavelength model (set ~ = 1)
H0 = −iχ
∑
i=x,y,z
viσi∂i, (1)
where χ = ±1 is the chirality of the Weyl point, vi’s are
the Fermi velocities, σi’s are the Pauli matrices corre-
sponding to a spin or pseudospin degree of freedom, and
for definiteness, we take it to be the real spin in the dis-
cussion. Weyl semimetals require breaking the product
of inversion (P) and time reversal (T ) symmetries. We
assume P is broken (by the underlying lattice) and T
is preserved, then each time-reversal pair of Weyl points
share the same chirality, and electrons in the −K0 valley
are also described by Eq.(1) [24].
Consider a clean NS interface located at z = 0 plane,
with z < 0 the Weyl semimetal (N region) and z > 0 the
superconductor (S region). The scattering at the inter-
face is described by the Bogoliubov-de Gennes (BdG)
equation [23, 25], in which the electron excitation at
one valley is coupled to the hole excitation at the time-
reversed valley by the superconducting pair potential.
Focusing on the scattering of an incident electron at K0
valley, its BdG equation reduces to the following form
when intervalley scattering can be disregarded[
H0 + U(r)− EF ∆(r)
∆∗(r) EF −H0 − U(r)
]
ψ = εψ. (2)
Here ψ ≡ (ψ+,↑, ψ+,↓, ψ∗−,↓,−ψ∗−,↑)T is the four-
component spinor wave-function, the first two compo-
nents represent the electron spinor in theK0 valley, while
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2the latter two form the hole spinor at −K0 valley; they
are coupled by the pair potential on the S side. For sim-
plicity, we model the S side using the same Weyl Hamil-
tonian H0 but is heavily doped (represented by the po-
tential U) [26]. We emphasize that this choice is only for
making the problem analytically solvable, and is not nec-
essary for the essential physics. As we shall see, S region
modeled based on the free electron model will give the
same result of transverse shift. We adopt the usual step-
function model for the pair potential ∆(r) = ∆0e
iϕΘ(z)
and the single-body potential U(r) = −U0Θ(z) with
Θ the Heaviside step function [25, 27], assuming that
the length-scale of potential variation is small compared
with the Fermi wavelength of N region, but is still larger
than the lattice scale. For a single NS interface, the
superconducting phase ϕ can always be gauged away.
The mean-field requirement of superconductivity is that
EF + U0  ∆0, i.e., the Fermi wavelength of S region
should be much smaller than the coherence length.
Scattering states of Eq. (2) can be solved in the
standard way [28]. Assuming electron-doped case
on the N side (EF > 0), an incident electron
wave with excitation energy ε can be expressed as
ψe+ = 1√
1−η2e
(e−iα/2, ηeeiα/2, 0, 0)T eikxx+ikyy+ik
e
zz.
The corresponding reflected electron and hole
states are fixed by the conservation of energy
and transverse momentum k‖ = (kx, ky), with
ψe− = 1√
1−η2e
(ηee
−iα/2, eiα/2, 0, 0)T eikxx+ikyy−ik
e
zz,
and ψh− = 1√
1−η2h
(0, 0, e−iα/2, ηheiα/2)T eikxx+ikyy+ik
h
z z.
Here k
e/h
z = sgn(EF ± ε)
√
(EF ± ε)2 − v2xk2x − v2yk2y/vz,
α = arctan(
vyky
vxkx
), and ηe/h = χsgn(EF ±
ε)
√
EF±ε−χvzke/hz
EF±ε+χvzke/hz
. We have chosen the normaliza-
tion factors such that each basis state carries the same
particle current along z. The reflected states ψe− and
ψh− are connected to the incident state via the reflection
amplitudes r and rA respectively, which can be solved
by matching the boundary condition at z = 0 along
with the basis states on the S side. Straightforward
calculation [29] leads to r = −X−1(ηe − e−2iχβηh) for
normal reflection, and
rA = X
−1
√
(1− η2e)(1− η2h)e−iχβ (3)
for Andreev reflection, where X = 1 − e−2iχβηeηh, β =
arccos( ε∆0 ) for ε < ∆0, whereas β = −iarcosh( ε∆0 ) for
ε > ∆0. One verifies that |r|2 + |rA|2 = 1 for ε < ∆0, as
required by the quasiparticle current conservation.
The spatial shift in reflection can be calculated by trac-
ing the trajectory of a wave-packet [30] constructed from
the scattering states. Following Jiang et al. [8], we obtain
both longitudinal (analogous to Goos-Ha¨nchen shift in
optics [31]) and transverse shifts for normal and Andreev
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FIG. 1. (a) Schematic figure showing the transverse shift δyA
for an incident electron wave-packet in the x-z plane Andreev
reflected at the NS interface. (b,c) Schematic figure showing
(b) the BdG Fermi surfaces, and (c) spectrum at a finite kx
[corresponding to the horizontal dashed line in (b)]. The solid
(hollow) sphere denotes the incident electron (reflected hole)
state, and the arrows indicate their spin directions. (d,e)
Transverse shift versus (d) incident angle θe and (e) excitation
energy. Here we take χ = +1, vx/y/z = 1.5 × 106 m/s and
EF = 10 meV, ε = EF /20 in (d), and θe = −pi/20 in (e).
reflections. The result for normal reflection recovers that
in Refs. [8, 9]. Here we focus on the shift in Andreev
reflection, obtained as (including both longitudinal and
transverse components) [29]
δrci = −
[
1
2
(
1− η2e
1 + η2e
− 1− η
2
h
1 + η2h
)
∂α
∂ki
+
∂φA
∂ki
]
k‖=kc‖
, (4)
where i ∈ {x, y}, (rc,kc) denotes phase-space center of
the wave-packet, and φA ≡ arg(rA) is the phase of rA.
For simple notations, the superscript c will be dropped
wherever appropriate. As sketched in Fig. 1(a), consider-
ing the plane of incidence to be the x-z plane, the trans-
verse shift δyA for Andreev reflection can be obtained
with a simple expression
δyA =
χ
2
vyvz
vx
(
cot θh
EF − ε −
cot θe
EF + ε
)
, (5)
where θe/h = arctan(
kx
k
e/h
z
). Before analyzing its details,
one notes a remarkable character of this result: it is in-
dependent of ∆, which is actually the cause of Andreev
reflection. This strongly suggests a possible symmetry
interpretation.
3Indeed, the total angular momentum of a system must
conserve along the direction of rotational symmetry. As
the transferred Cooper pair (for conventional supercon-
ductor) carries zero angular momentum, the total angu-
lar momentum Jz of the quasiparticle wave-packet must
be conserved during the scattering in the presence of ro-
tational symmetry along z [3, 9]. Specializing to model
(2), this happens when vx = vy, and the total angu-
lar momentum of the quasiparticle wave-packet is given
by [29]
J = rc × kc + χ
2
n, (6)
where the two terms represent the orbital and
spin angular momenta respectively, the unit vector
n is the spin-polarization direction with ne/h =
(vxkx, vyky, vzk
e/h
z )/(EF ± ε) for electron and hole, re-
spectively. Note that the hole spin is opposite to that of
the corresponding electron state, since a hole represents
a missing electron. Thus, any change of spin polariza-
tion n in scattering (see Fig. 1(b)) necessarily requires
a compensating shift in the orbital motion, in order to
guarantee the Jz-conservation. For the configuration in
Fig. 1(a,b), conservation of Jz immediately leads to
δyA =
χ
2kx
(nhz − nez) =
χ
2
vz
(
cot θh
EF − ε −
cot θe
EF + ε
)
, (7)
exactly recovering Eq. (5) when vx = vy [32].
The symmetry argument helps to clarify features of
the shift. As shown in Fig. 1(d), δyA is an odd function
of the incident angle θe; it vanishes at normal incidence
where ne and nh are parallel, and reaches maximum
magnitude at θce = ± arctan( vzvx
|EF−ε|
2
√
EF ε
), beyond which
khz becomes imaginary and electrons can no longer be
Andreev reflected (corresponding to the shaded regions
in Fig. 1(d,e)). δyA vanishes when ε  EF or ε  EF ,
because ne and nh become parallel in both limits; and its
seemingly divergent behavior at ε→ EF is reconciled by
noting that in this limit the hole Fermi surface becomes a
point, so the reflection has a vanishingly small probabil-
ity. In fact, ε = EF marks the transition point between
Andreev retroflection (θeθh > 0) and specular reflection
(θeθh < 0), as first studied in graphene [28, 33, 34]. Here
we find that δyA has the same sign in both regimes. Im-
portantly, the shift is opposite for different chirality, i.e.,
the left- and right-handed holes shift in opposite trans-
verse directions, generating a chirality-dependent Hall ef-
fect for the Andreev-reflected holes, similar to that for the
normal reflection [9] but being dominating for excitation
energies below the superconducting gap [29].
More importantly, the symmetry argument demon-
strates that the transverse shift is independent of the
details of the NS interface and of the S region. This con-
firms our previous claim regarding the modeling of S side:
the Weyl-like model and SOC are not necessary for the
S region; any conventional superconductor would work.
As long as the rotational symmetry is maintained (in the
long-wavelength model), the same δyA will result from
the Jz-conservation and only depend only on the SOC
of the N side. Even if rotational symmetry is broken, a
nonzero shift due to the coupled spin and orbital dynam-
ics should generally be expected, which can be calculated
using the scattering approach outlined here.
The above-mentioned points are further illustrated
with the following example. Now we take for the N side
a two-band model
H0 =
1
2mN
(−∇2 +M)σz − ivσx∂x − ivσy∂y, (8)
which nicely interpolates between two distinct phases de-
termined by the sign of M (Fig. 2(a)): for M < 0, it hosts
a pair of Weyl points on kz-axis at ±
√−M with opposite
chirality, simulating a T -broken Weyl semimetal [35, 36];
for M > 0, the two bands are fully separated with a gap,
and when EF > M/2mN, it becomes a spin-orbit-coupled
metal. For the S side, we take it to be the simplest metal-
lic superconductor without SOC. When written in BdG
equation, it appears as
HS =
[
(− 1
2mS
∇2 − U0 − EF )τz + ∆0τx
]
⊗ σ0, (9)
where τi’s are the Pauli matrices acting on Nambu space,
and σ0 is the identity matrix in spin space. Possible inter-
facial barrier can also be modeled by adding a potential
hδ(z) at the interface [25].
The transverse shift can be calculated using scattering
approach like in the first example. The obtained nu-
merical results are shown in Fig. 2(c,e). First, consider
the Weyl semimetal case (M < 0). At low-energy with
|EF + ε|  |M/2mN|, the quasiparticles are described
by the Weyl model H± = −ivσx∂x − ivσy∂y ∓ ivzσz∂z,
where ± denotes the two valleys (also corresponding to
their respective chirality χ), and vz =
√−M/mN. This
model allows an explicit account of intervalley scattering
effect [21]: the reflected electron and hole can be either
intravalley or intervalley. Here we focus on the shifts in
Andreev reflection; the shifts in normal reflection can be
found in [29]. Importantly, the intravalley hole band is of
opposite chirality to the incident electron band, such that
the corresponding change in spin angular momentum be-
comes larger (see Fig. 2(b)). With rotational symmetry
along z, the shift for intravalley Andreev reflection can be
obtained as δy
(1)
A = −χ2 vz
(
cot θh
EF−ε +
cot θe
EF+ε
)
, whereas the
result δy
(2)
A for intervalley Andreev reflection is the same
as Eq. (7) (here χ is for the incident electron). δy
(1)
A
and δy
(2)
A have the same sign and |δy(1)A | > |δy(2)A | (see
Fig. 2(c)). These results from symmetry argument agree
perfectly with the numerical results.
Next, consider the metal case for EF > M/2mN > 0.
On the N side, we now have a single electron Fermi
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FIG. 2. (a) Two phases of model (8). Their corresponding
BdG Fermi surfaces are schematically shown in (b) M < 0,
and (d) M > 0. (c) Shift δy
(1)
A (δy
(2)
A ) for intravalley (in-
tervalley) Andreev reflection versus the incident angle θe for
M < 0, with incident electron from the K+ valley. (e) shows
the corresponding result for M > 0. In (c,e), the data points
are from scattering approach, while the curves are from sym-
metry argument. Here v = 1.5 × 106 m/s, mN/S = 0.04me;
and M = −0.18mN · eV, EF = 20 meV, ε = 0.5 meV in (c);
and M = 0.18mN · eV, EF = 120 meV, ε = 1 meV in (e).
(f) Chirality accumulation of Andreev reflected holes on the
top and bottom surfaces for a T -preserved Weyl semimetal,
which can be detected by the imbalanced absorbance of the
left and right circularly polarized lights.
surface, and the change of spin direction in Andreev
reflection is illustrated in Fig. 2(d), which necessitates
the presence of a nonzero transverse shift. We find
that δyA =
1
2kx
(nhz − nez), with ne/hz = ±[(EF ± ε)2 −
v2k2‖]
1
2 /(EF ± ε) (whereas the shift in normal reflection
vanishes). Again, this result perfectly agrees with our
numerics (Fig. 2(e)).
These results explicitly demonstrate the following. (i)
The key ingredient for the shift is SOC on the N side,
however, Weyl or other types of band-crossings are not
necessary. (ii) The role of the S side is to enable the
electron-hole conversion. Any conventional superconduc-
tor suffices and it does not require SOC. (iii) Factors
such as intervalley scattering, interfacial barrier, Fermi
surface mismatch, and spatial profile of pair potential
are inessential for the shift. And when symmetry argu-
ment applies, they have no effect on the value of the shift
(as defined for a definite scattering process of the wave-
packet), although they do affect the probability of the
process [29, 37].
A few remarks are in order. First, distinct from the
shifts in optics and in normal electron scattering, the shift
discovered here occurs in a process where particle identity
is completely changed, which is highly nontrivial. Unlike
those usual reflections, Andreev reflection fundamentally
involves two particles: the reflected hole is from the sec-
ond electron that is partnered with the incident electron,
and the correlation between them is established through
the superconductor. This unique character leads to fea-
tures distinct from other related shifts: the incident and
outgoing particles are occupying different bands and may
be tuned independently, which strongly affects the result-
ing shift. This is clearly illustrated in the two examples
studied here, where the hole band can have chirality inde-
pendent of the incident electron band. Consequently, the
shift in Andreev reflection shows distinct characteristics
depending on the symmetry breaking, in sharp contrast
to the shift in normal reflection.
Second, we assumed σ as real spin in the discussion.
The arguments apply equally well for pseudospins, as
long as they are coupled with the orbital motion and
change in the scattering. Particularly, the results for the
Weyl model here directly applies for those spin-orbit-free
Weyl semimetals [38, 39].
Third, the S side is assumed to be a conventional su-
perconductor in this work. The study can be directly ex-
tended to unconventional superconductors. One expects
that interesting physics might happen when the trans-
ferred Cooper pair has finite angular momentum, which
could affect the shift in Andreev reflection.
Finally, we comment on possible experimental probe
of the effect. For Weyl semimetals, regardless of being
P-broken or T -broken, the transverse shift will lead to
a spatial separation of the left-handed and right-handed
holes from Andreev reflection of an collimated incident
electron beam, e.g., by using the geometry in Fig. 2(f).
The excitation energy can be controlled by applied bias
voltage. With preserved T , the Andreev reflection gener-
ally dominates for excitation energies below the gap, and
its probability is usually maximized when ε . ∆0 [25, 29].
The resulting surface chirality accumulation near the NS
interface can be probed by the imbalanced absorbance of
the left and right circularly polarized lights [40]. In the
case of a T -broken spin-orbit-coupled metal as in model
(8) with M > 0, the shift generates a voltage difference
between the top and bottom surfaces. Note that the bulk
anomalous Hall effect does not contribute to such a volt-
age when the system has two-fold rotational axis along z
(as in model (8)), which ensures a vanishing σyz.
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